We investigated the sensitivity of fully focused SAR (FF-SAR) processing of Cryosat-2 altimeter data to Earth rotation. Earth's rotation causes scatterers at varying cross-track locations to have a different relative velocity with respect to the satellite. This second-order effect of Earth rotation on the phase is currently not corrected for in FF-SAR processing of altimetry data. The difference is largest near the poles, where the satellite flies parallel to the equator. Not correcting for the second-order effect yields a parabolic shape in the counter-rotated phase, which increases with the cross-track distance. Its effect is, however, limited by the time-in-view of the scatterer, which is shorter at the edge of the altimeter footprint, and therefore destructive interference will not occur when using Cryosat-2 data. For Cryosat-2, the only expected effect is a reduction in power and along-track resolution in the waveform tail and in the grating lobes. If the FF-SAR processor focuses on one point, and there is a bright scatterer at another, then there is a residual parabolic phase, whose sign and shape depend on the cross-track distance and whether the signal is left or right of the chosen focal point. In theory, if the viewed scene only has few bright coherent scatterers, then it might be possible to determine the cross-track position of each. In practice, however, natural targets are rarely coherent over the integration time.
in bursts. This allows for a coherent processing of 64 pulses (Raney 1998; Wingham et al. 2006 ). The main advantage of doing so is the increase in the along-track resolution from several kilometers to about 300 m. This increase is required to detect more leads in sea-ice-covered regions (Wingham et al. 2006) and to reduce land-signal waveform contamination in coastal regions (Dinardo et al. 2018) . A second advantage is the increase in the number of independent looks, which enhances the precision of the retrieved geophysical parameters (Raney 1998) .
The standard processing of Cryosat-2 SAR mode data, known as delay/Doppler, can be described as closed-burst unfocused SAR processing (Raney 2012) . Unfocused indicates that the resolution is still larger than the Fresnel zone (Raney 1998) , which is about 170 m for Cryosat-2. In a recent study, Egido and Smith (2017) demonstrated that the altimeter system onboard Cryosat-2 is stable enough to allow for interburst coherent processing. If the full synthetic aperture length of about 2 s is exploited, the processing is known as fully focused SAR (FF-SAR). Using FF-SAR processing, the along-track resolution is close to the theoretical limit of half the antenna length, which is about 0.5 m. As demon-strated by Egido and Smith (2017) , the FF-SAR processing has advantages in targeting small lakes, rivers, sea-ice leads and coastal zones. Egido and Smith (2017) also showed that grating lobes occur at approximately every 90 m along track as a consequence of the closed-burst sampling of Cryosat-2. The grating lobes complicate the interpretation and further analysis of the waveforms in scenes with multiple bright targets.
The two Sentinel-3 satellites are also operated in SAR mode, which allows to apply FF-SAR processing to their data as well. Sentinel-3 also applies closed-burst pulsing, which causes grating lobes similar to those of Cryosat-2 (Guccione et al. 2018) . Sentinel-6 is scheduled to be launched in 2021, which will be the first SAR altimeter to apply interleaved pulsing. This removes the along-track contamination caused by the grating lobes. However, the pulse repetition frequency is reduced, as compared to Sentinel-3, from 18 to 9 kHz, causing aliasing beyond about 1 s integration time. Crosstrack interferometry is not possible for the Sentinels, as the satellites do not carry a second altimeter antenna.
The FF-SAR processing procedure consists of four steps to counter rotate phases, such that focusing is achieved (Egido and Smith 2017) . A range cell migration correction (step 1) ensures that the response from a scatterer is aligned after range compression is applied (step 2). Then, a small residual video phase (RVP) correction (step 3) accounts for quadratic effects of the phase, which is applied in Egido and Smith (2017) for all cross-track positions separately. To focus the signal, thousands of cycles are counter rotated by the relative range phase (RRP) correction (step 4), which is by far the largest correction term and therefore the most sensitive.
To enable a computationally efficient implementation of the RRP, Egido and Smith (2017) provides an equation for the range history. If R i is the minimum range to the scatterer i and R 0 the minimum range to a nadir target, the range history R i (η) is given as:
where η denotes slow time. This combines a parabolic term R 2 0 (η) for a nadir target with an offset, to determine the range history for a scatterer cross-track. We will refer to this small offset as the static geometrical correction. If the FF-SAR calculation is performed to focus on the nadir ground track and the static geometrical correction is applied to points off-track, the squared terms in Eq. 1 produce a correction with even symmetry across track. Barber (1985) shows that in a side-looking SAR system, the effect of Earth rotation on slow time range history depends on cross-track position. Therefore, Earth rotation as a function of cross-track position is commonly taken into account in conventional SAR processing. We find in this paper that the same is true for a nadir-looking altimeter, when the FF-SAR processing is applied.
In this study, we will investigate the validity and applicability of this range estimate for the RRP correction. First, it is demonstrated that the application of Eq. 1 yields a residual parabolic phase in the observed data over a transponder. Second, using a model, based on a spherical Earth model and a circular orbit, a reconstruction of the residual phase is made. The model is applied to varying latitudes to see how the amplitude of the residual range varies geographically. Third, a simplified equation is given to provide more insight into the cross-track range history variations caused by Earth rotation. Eventually, we will discuss the consequences and potential benefits for FF-SAR processing.
Phase history over a transponder
We argue that the application Eq. 1 can lead to a significant residual phase when a scatterer is not on the ground track. In Egido and Smith (2017) , when focusing on a transponder, they accounted for the cross-track location, and they processed the data so that the range R 0 corresponds to the transponder location. However, if they had put R 0 on the nadir ground track and used Eq. 1, they would have made an error. To verify this, we counter rotate observed Cryosat-2 SAR mode data of a transponder overpass. If our thesis is true, a remaining parabolic phase is present after the RRP correction, which is related to the cross-track distance from the ground track. However, a parabolic shape in the phase history over a transponder can emerge from other sources, such as an offset in the carrier frequency, deramping pulse datation biases and incorrect application of FF-SAR processing. For comparison, we therefore model deramped echoes using the equations for the phase of the deramped signal in Egido and Smith (2017) with as input the satellite emphemerides found in the data file. After that, the four FF-SAR processing steps as listed above are applied. Figure 1a shows the counter-rotated phase against slow time of the modeled transponder signal using Eq. 1 for the RRP and the RVP corrections, rather than at the actual cross-track position of the transponder, like Egido and Smith (2017) . We used the overpass on 04-08-2015, for which the cross-track distance to the transponder is 2.8 km. Since the observed counter-rotated phase in panel B shows similar behavior, the previously described other sources on the phase have been removed properly or are negligible. In panels C and D, the ranges for the RRP correction are computed directly using the transponder locations and the satellite burst locations in the Earth-Centered Earth-Fixed (ECEF) reference frame. The flattening of the phase with this approach has two implications. First, for the RVP correction it is sufficient to use the ranges as described by Eq. 1, but for the RRP it is not, because we find a remaining phase corresponding to a range variation of more than a millimeter. Second, there is an additional contributing effect to the relative ranges, which is not accounted for in Eq. 1 and it relates to the cross-track position of the scatterer.
Since the position of the satellite pulses in the Earth-Centered (EC) frame is independent of the cross-track position of the scatterer, the culprit is a relative difference in along-track position of the scatterers as a consequence of Earth rotation. A careful analysis of the second-order range effects due to Earth rotation was already performed by Barber (1985) for side-looking orbital SAR systems, but Egido and Smith did not discuss it, and Eq. 1 supposes that it is negligible in a nadir-looking FF-SAR altimeter. Note that the scatterer position is changing in an EC (but not fixed) frame during the 2-s integration time as the Earth rotates. At different cross-track locations, the latitude coordinate is not equal, and from the satellite perspective, the relative velocity of the scatterer is therefore different. At the northernmost point of Cryosat-2, which corresponds to a ground-track location with a latitude of 88 degrees, the cross-track positions of the scatterer are North and South of the track. The radius toward the rotation axis of the Earth is smaller for the northward scatterer, and therefore the translation of it during 2-s integration time is smaller than for the southward scatterer. This effect is not captured by Eq. 1.
Range history modeling
This section describes a model to analyze the effect of Earth rotation on the phase history for cross-track scatterers. The model assumes that the Earth is spherical and the orbit is circular. With the model, it is possible to approximate the magnitude of the effect of Earth rotation on the phase history as a function of cross-track distance and latitude.
Ground-track simulation
A simulation of the ground track based on a dual-axis spiral method is performed to estimate the effect of a rotating Earth on the estimated ranges. The equations in this section have been derived from Wertz et al. (2001) . With this approach, we explain the largest part of remaining parabolic phase over the Svalbard transponder. The two axes required for the simulation are the Earth's rotation axis and the orbit rotation axis.
Since Cryosat-2 has an inclination of 92 • , the poles of the two axes have latitudes of 90 • and −2 • , respectively. The longitude α O of the orbit pole is drifting over time t due to Earth's rotation, such that
where we set the initial value of the longitude α O,0 to −90 • and ω E is the angular velocity of the Earth. The counterclockwise angle φ S around the orbit axis is computed as
where n is the angular velocity of the satellite and φ S,0 is the initial value for the angle around the orbit axis. By setting φ S,0 = 0 • in a polar orbit, the satellite crosses the equator in an ascending track and by setting φ S,0 = 90 • , the satellite is at the maximum latitude, i.e., the inclination of the orbit. The latitude δ of the satellite in the ECEF frame is then computed as
with i the inclination of Cryosat-2's orbit. The difference in longitude Δα between the satellite and the orbit pole is computed with
where mod represents modulo and
Lastly, the longitude of the satellite α is determined as
The heading of the satellite is computed using the coordinates of two consecutive epochs with the MATLAB geodetic toolbox. The arc lengths between nadir and cross-track scatterers are used in combination with the ground-track heading to determine their respective longitudes and latitudes. By converting the satellite, the nadir, and the scatterer locations to Cartesian coordinates, the ranges between the satellite within the 2-s integration time and the scatterers are easily computed. A MATLAB code is provided as supplementary material.
Conceptual model of the range history
While the dual-axis spiral gives a good approximation of the range history, the conceptual model is setup to provide more insight into the geometry of the Earth rotation effect on the range. The conceptual model is, however, still accurate to several tenths of millimeter at 3 km cross-track. As the range history difference is largest near the poles, we first design a conceptual model at the pole. To support the interpretation, Fig. 2 shows the relative positions of the bursts and two crosstrack scatterers.
Similar to the dual-axis spiral, a spherical Earth is used, but we approximate the satellite orbit by a straight line. The satellite is assumed to fly in a westerly direction, parallel to the equator at 88 degrees north. The origin of the local reference is the nadir location of the satellite at t = 0 seconds, while the coherent processing time runs approximately from − 1 to 1 s. We take the x-, y-and z-axis as the cross-track direction, along-track direction and up directions, respectively. The y-coordinate changes from approximately − 7.5 to 7.5 km during the coherent processing time, due to the satellite velocity and the motion of the scatterer. Using the listed approximations, we can compute the range R 0 (t) from the satellite to the nadir location with
where (0, y 0 (t) + Δy 0 (t), z) are the satellite coordinates in the local reference frame and where Δy 0 (t) is the contribution of the scatterer's motion due to Earth's rotation. We assume that the rotation of the Earth only contributes to a translation in the along-track direction. The Earth rotates in the easterly direction, which implies that at t = −1 and t = 1 s, the satellite is slightly further away from the scatterer than when the Earth would not rotate. The value for Δy 0 (t) can be computed as
with δ 0 the latitude of the nadir location at t = 0 seconds. A second reference frame is setup, with the cross-track scatterer location as the origin (see right panel of Fig. 2 ). If we approximate the cross-track strip as a straight line, this implies that the x-coordinate x s of the satellite changes and the contribution of the scatterer motion Δy s (t) changes, due to a change in latitude. The range R s (t) from the satellite to the scatterer is described as
where (x s , y 0 (t) + Δy s (t), z) are the satellite coordinates in the scatterer reference frame and the contribution of the scatterer motion is given by: Fig. 2 Illustration of the conceptual model. In the Earth-centered nonfixed reference system (left), the first burst (green) is received at east of the last burst as Cryosat-2 is in a retrograde orbit. Due to Earth rotation, scatterers on the northside (red) and southside (blue) move at different velocities. In the scatterer reference frames (right), the relative distance between the first burst and the last is larger for scatterers south of the ground track (blue) than for scatterers north of the ground track (red) where δ s is the latitude of the scatterer at t = 0 seconds. If we ignore the contribution of a rotating Earth, the only range difference between a nadir and a cross-track scatterer is the contribution of x s . This amounts to several millimeters in range at the edge of the antenna beam (Egido and Smith 2017) and is adjusted for by Eq. 1. On a rotating Earth, however, there is a difference between Δy 0 (t) and Δy s (t), and we will demonstrate that this can become larger than the static geometrical effect. The contributions of Δy 0 (t) and Δy s (t) are scaled by the absolute value of the sine of the satellite heading and therefore decrease toward the equator.
Discussion of the results
As a reference, we assume that the scatterer is located at 3 km cross-track. Using the conceptual model of Sect. 3.2, an approximation can be made for smaller or larger cross-track distances. Figure 3 shows range history difference between nadir locations and cross-track locations at the equator and at a latitude of 88 • . Note that for all the plots, a constant value of approximately 6 m is removed, which is the difference in range between a scatterer at 3 km cross-track and nadir at t = 0 s. Panel A shows that the range history difference is maximally 0.4 mm if the Earth is not rotating. This number is similar for scatterers on the right and the left side of nadir (panels A and C) and independent on latitude. In the conceptual model, for a non-rotating Earth, this implies that Δy 0 (t) = Δy s (t) = 0, and therefore it is only affected by the cross-track scatterer distance x s .
In panels B and D, the range history difference of the orange curve does not change significantly, which is expected as the contributions Δy 0 (t) and Δy s (t) decrease toward the equator. There is an additional translation in the x-direction, but this will not contribute significantly, because of the small angles. At 88 • , the satellite moves against the direction of the Earth's rotation, which implies that the satellite is at t = −1 and t = 1 s about 16 m further away from the focusing strip. Because the nadir latitude and the scatterer latitude differ, a difference of Δy s (1) − Δy 0 (1) = 0.2 m is introduced, while the difference of Δy s (0) − Δy 0 (0) = 0 m if the scatterer is located on the north side of the track. For a scatterer located 3 km cross-track, this implies a 2.7 mm difference in range history (panel B).
The opposite happens when the scatterer is located south of the track (panel D). This is a consequence of a difference in Earth's surface velocity south of track with respect to the north side, due to the larger distance from the Earth's rotation axis. The signal, however, is with 1.9 mm smaller in amplitude compared to the scatterer north of the track, because the total signal is balanced around the 0.4 mm caused by the additional range due to the cross-track position x s . If the RRP correction is applied as in Eq. 1, the 0.4 mm is compensated for, so for scatterers located at 3 km cross-track on both sides a residual phase parabola of 2.3 mm is present, but they are of opposite sign for left and right scatterers.
Panel A in Fig. 4 shows the amplitude of the difference in phase history between a nadir and a cross-track scatterer as a function of latitude. The signals coming from left and right are mirrored around the equator, which is expected since a scatterer on the right is further away from the equator at the north pole than at the south pole due to the retrograde motion of the Cryosat orbit. If a correction for the static geometrical range change (pink line) of 0.4 mm is applied, the phase histories left and right are practically mirrored over the ground track at any latitude. The largest signals are, as discussed earlier, found near the poles, where the satellite flies parallel to the Equator. If the cross-track angle becomes larger, the phase history differences also become larger, which can cause destructive interference. However, we have to take into consideration that the effective coherent processing time decreases because of two reasons. First, if the onboard tracker correctly follows the nadir path, the cross-track signals will appear late in the waveform. As discussed by Guccione et al. (2018) , in SAR mode, the 60 m range window is too short to support a 2-s integration time. If the surface is not flat and the scatterer is close to tracking point of the altimeter, it supports a longer Fig. 5 PTR based on FF-SAR processing of Cryosat-2 SAR data over Svalbard using focal points set at 0.0 (a), 2.8 (b) and 4.0 (c) km from the cross-track location of the transponder. The integration time is kept constant at 1.8 s. In the panel d, the along-track cross sections of the main lobes, including one with a focal point at 5.6 km from the transponder, which is the cross-track distance for which Sentinel-3 support 1.8 s integration time coherent processing time. In SARIn mode, the range window is larger, so cross-track scatterers are visible over the whole overpass.
The second limiting factor, the elliptical footprint shape, limits the integration time even in SARIn mode. Therefore, we compute the effective integration time based on the footprint shape (Appendix A) and use it to constrain the amplitude of the range history difference as a function of cross-track distance (panel B). By taking the coherent processing time into account, the maximum range history difference with nadir occurs between 4 and 5 km cross-track. Once corrected for the static geometrical effect as with Eq. 1, the maximum amplitude drops below 2.8 mm (equivalent to a π 2 radian phase difference), and no destructive interference will occur. Note that since the range history is parabolic, a slight increase in integration time causes a large phase difference. Due to its 19 km (based on a beamwidth of 1.35 • ) footprint, which is 4-5 km larger than that of Cryosat-2, Sentinel-3 is more sensitive to Earth rotation. Sentinel-6 is even more sensitive as it supports an even longer integration time, but we have to consider aliasing caused by the lower PRF of 9 kHz. To avoid aliasing, the coherent processing time should be limited to approximately 1 s. However, a longer coherent processing time may be useful in case of a limited number of bright spots in the scene (so that aliasing from along-track targets is limited), or when deconvolution techniques can be applied. In that case substantial deconstructive interference is expected, since the range window of the raw data is larger than that of Sentinel-3, and the satellite orbits at a higher altitude.
Even though for Cryosat-2 the signal does not suffer from destructive interference, the power in the waveform reduces and the main lobe of the point-target response widens, because the phases are not perfectly aligned. In Fig. 5 , the widening of the main lobe is investigated by moving the focal point away from the transponder. We use the same pass as in the other sections for which the transponder is located 2.8 km left of the ground track. For an integration time of 1.8 s, corresponding to an along-track resolution of 59 cm, the increase in the main lobe width is about 1 cm if the focal point is at the nadir location. Cryosat supports a 1.8 s integration time at 4 km across track, which is close to where the parabolic phase residual reaches its maximum amplitude. By moving the focal point 4 km from the transponder, this results in a widening of the main lobe of 2 cm. Sentinel-3 supports a 1.8 s integration time at 6 km across track, which results in a widening of about 5-6 cm (or nearly 10%). Using a single nadir focal point results effectively in a reduced resolution in the waveforms tails, and therefore consecutive waveforms are not fully independent.
The change in power has consequences for several applications. For power calibrations with a transponder based on FF-SAR-processed data, it is required to use the exact ranges and not an estimate based on Eq. 1. Besides changes in the power of the main lobe, also the power of the grating lobes changes as already demonstrated for the WK algorithm (Guccione et al. 2018) . The removal of grating lobes using deconvolution techniques (Egido and Smith 2017) is therefore only straightforward in case of nadir targets if Eq. 1 Fig. 6 Orange lines represent the counter-rotated phase (left) and the corresponding waveform (right) over the transponder by using the exact ranges for the RRP correction. The blue lines represent the situation in which we assumed that the transponder was on the other side of the ground track. No correction for the antenna pattern is applied is used. As shown in Fig. 4 , the effect of differential earth rotation on residual phase has antisymmetry (odd symmetry) with respect to left-right displacement across track, which may be exploited as follows. In Fig. 6 panel A, the counterrotated phases over the transponder are shown based on the exact ranges, which results in a flat phase history. Again, the transponder is located at 2.8 km cross-track. If we assume the transponder is on the other side of the track and use the range history of that location to counter rotate the phases, a large parabolic phase is left and the transponder signal becomes unfocused. The accompanying waveform power is shown in panel B, where the unfocused waveform has 20-30% less power.
In theory, the reduction in power by bringing targets outof-focus can be exploited. First, by focusing on one side of the ground track, it is possible to mitigate the influence of targets on the other side. In case a satellite is parallel to a shoreline, the waveforms might be partially cleaned from land contamination. This requires the scatterers to be coherent and visible over a large fraction of the integration time of 2 s. Fig. 7 shows the signal of a natural target (in this case a pond) in a radargram. The reflection from the pond is only visible in a fraction of the ∼10,000 waveforms used in the 2-s integration time. This limits the application of the proposed method, because most contaminating targets show similar behavior in terms of visibility as the pond. Additionally, the along-track location of the contaminating scatterer would have to be determined accurately to reduce the power of its signal in the waveform. Second, the Cryosat-2 data can be processed twice by focusing on both sides. Based on the power, it can be determined on which side of the ground track a scatterer is located. At high latitudes, the scatterer location might even be determined unambiguously, since the phase history and the range depend in a different way on the height and cross-track location of the scatterer. Again, it would require scatterers to be visible and coherent over the integration time of 2 s.
Conclusions
This study addressed the uncorrected second-order effect of Earth rotation on the range for off-nadir scatterers, which affect the FF-SAR processing of satellite radar altimetry data. Earth rotation primarily affects the residual range phase (RRP) correction, which is the largest phase counter rotation to be applied in the FF-SAR process. The effect of Earth rotation becomes larger as the cross-track distance to the scatterers increases, and it is opposite sign for scatterers left and right of the ground track. Destructive interference occurs at π 2 radians, corresponding to 2.8-mm one-way range history difference. The footprint, however, reduces the coherent processing time for cross-track scatterers. In case of Cryosat-2, destructive interference will not occur if we apply Eq. 1, but a weakening of the power from cross-track signals is present.
Even though destructive interference does not occur if Earth rotation is not taken into account, there are several consequences. The power of grating lobes, which occur due to the closed-burst mode pulsing, degrades, which decreases the polluting signal of bright targets, but will not be eliminated. However, as it is more difficult to determine the magnitude of the grating lobes, a deconvolution algorithm is not straightforward. Additionally, the power of the main lobe changes at off-nadir targets, because they are not exactly in focus. For natural targets, the power change is limited as they are rarely visible and coherent during more than a fraction of a second. For calibrations over transponders, certainly at high latitudes like Svalbard, this should be taken into account.
The left-right difference in phase history caused by Earth rotation provides also additional opportunities. By focusing on targets right of the ground track, targets on the left of the ground track are out-of-phase, which causes their power in the waveform to reduce. This makes the theory possible to decontaminate waveforms or to determine the cross-track location of scatterers. However, natural scatterers are rarely visible and coherent over the 2-s integration time at this wavelength. The practical application is therefore limited to a small number of targets. s, and the FF-SAR algorithm therefore yields an along-track resolution worse than 1 m.
